The problem of plane P and S V waves incident at the base of a dipping layer and perpendicular to the strike is investigated by a technique which expresses the reflection and refraction coefficients in terms of the propagation direction of the incident wave in a cylindrical co-ordinate system. It is shown that all multiply reflected waves can be calculated by this scheme. For both incident P and S V waves, numerical values of the displacements and displacement ratios are calculated on the surface. It is found that the displacement ratios for incident S V waves are much more sensitive to dip than are those for incident P waves. For P and S V waves propagating in the down-dip direction, the amplitude ratio versus frequency curves for constant depth to the interface do not have significant peaks for dip angles greater than 15". Displacement discontinuities resulting from the geometric nature of the wave solution are also calculated as they indicate whether the diffracted wave plays an important role. Energy relations between waves at an elastic interface are derived in terms of the propagation direction in a cylindrical system.
Introduction
In a previous paper (Ishii & Ellis 1970 ) the problem of a plane SH wave incident at the base of a dipping layer was considered. A solution by multiple reflection for waves incident at any angle perpendicular to the strike was obtained for the amplitude, phase and phase velocity. In this paper the reflected wave solution for the case of incident P and SV waves is studied.
Displacement characteristics for a horizontally layered crust have been presented by Haskell (1960 Haskell ( , 1962 . For a wedge-shaped medium, Kane (1966) used a ray procedure to calculate the theoretical seismograms for stations located on the surface. In this way the changes in signal character along the surface were illustrated. Experimental investigators who use displacement characteristics to interpret crustal structure (e.g., Phinney 1964) have, however, been limited in their model calculations to horizontally layered structures. Consequently, the present paper will expand the number of models available for interpretation purposes.
Although the present solutions do not take into account the diffracted waves, studies of the propagation of SH waves in wedges by Hudson (1963) and Sat0 (1963) suggest that for points distant from the vertex that the contributions due to diffracted waves will be small. *On educational leave from Geophysical Observatory, Tohoku University, Akita, Japan. tReceived in original form 1969 October 6.
Equations of motion and boundary conditions
In this problem with a dipping boundary, it is convenient to choose a cylindrical co-ordinate system (r, 6, z) related to a Cartesian system (x, y, z) as shown in Fig. 1 . For plane P and SV waves propagating in the x-y plane, the motion is independent of z and the displacement has only r and 6 components. The equations of motion in cylindrical co-ordinates are: and p is density; L and p, LamB's constants; u, and 246, displacements in the r and 6 directions. The stress components are expressed by n 1 au,
We then proceed to obtain the differential equations for the dilatation and rotation and to express the displacements and stresses in terms of the dilatation and rotation. Using equations (3) and (4) in the equations of motion, we obtain Assuming a time variation of the form exp(iot), equations (I), (2), (7) and (8) become 1 ao
where and c, and cb are the P and S wave velocities respectively. To obtain the stresses, (3) and (4) are first used in (5) and (6) to give
Upon the substitution of (9) and (10) we obtain the desired forms
We choose as the fundamental solution of equations (11) 
Reflection and refraction coefficients
In this section we will obtain the reflection and refraction coefficients in terms of the initial propagation direction and the elastic constants. We first consider two elastic media separated by 0 = 0, with waves from medium (2) incident on the interface (Fig. 2) . The solutions of the equations of motion, (1 1) and (12), in media 
Application of the boundary conditions (22) leads immediately to the equality of phase which for incident P or SV waves yields respectively
cos ( e d -B ) which is Snell's Law expressed in a cosine form.
The boundary conditions (22) then yield the equations (26) shown on opposite page. To solve equations (26) in the case of either an incident P or SV wave, the angles arty PI,, clrf and BrI must be determined in terms of the incident and boundary angles.
For a P wave incident from medium (2), the following geometric relationships are evident from Fig. 2 . where the principal value of the inverse sine is taken in each case. It is easily verified that (27) also holds for 8d++n < a c 8 d + n. For incident SV waves, we find
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Hence, by setting Din = 0 in (26) and substitution of (27), the reflection and refraction coefficients for an incident P wave can be determined. Similarly, by setting Ci, = 0 and the use of (28) allows us to determine the reflection and refraction coefficients for an incident SV wave.
For P waves incident on the boundary from medium (1) we determine the following expressions for the angles
and for S waves Equations (26) m a y then be used to determine the reflection and refraction coefficients for waves incident from medium (1) by the use of (29) and (30) and the following substitutions: p1 -+ P Z , PZ + PI , c,,~ -+ C,Z, C, Z + c,l, Cbl 7 CbZ, and cbZ -+ cbl. It should be noted that A, , and B,, are in this case amplitudes in medium (2) and C,, and D,, amplitudes in medium (1). Finally, we consider waves incident on the free surface 0 = 0 (Fig. 3) . The solutions of (11) and (12) 
and for an incident SV wave
Using (33) and (34) in (32), we obtain for incident P waves In expressions (35) and (36), it should be noted that when the argument A in a square root is negative, then JA must be replaced by -iJA for the solution to remain finite at infinity.
As a check on the amplitude coefficients in this form, the energy flux equations were derived (see Appendix).
Computation of displacement in the case of a dipping layer
To determine the amplitude at any point in a wedge we must sum the complex amplitudes of all waves which arrive. From (23) we see that this requires the calculation of the amplitude coefficient and propagation direction for each wave. In the process of computation, complex angles have been employed in order that the cases for total reflection and incident angles greater than the critical angle are automatically involved in the results. As a P and S wave arise from the initial refraction and from each reflection from the free surface and the boundary between media, the rays increase in number as 2"" where n is the order of reflection. The reflection process is terminated whenever the propagation direction is between n and n+O, for in this case the wave propagates out of the wedge. A further artificial termination was introduced by neglecting waves whose amplitudes were less than E = lob4 (the displacement amplitudes are normalized by the displacement amplitudes which the incident wave would have on the free surface in the absence of the boundary).
For computational purposes, it is important to note that the amplitudes and propagation direction for a wavefront is the same at all points. Hence, if the amplitudes (M) and propagation directions (m) are determined for all waves reverberating in the wedge, then the total amplitude of motion at any point may easily be calculated. Further, as the M and m of reflected waves depend directly on M and m of the input wave, it is important at the initial refraction and each reflection to store M and m for waves which may generate further waves. The rather complex computation scheme used can best be understood by examination of the flow chart (Fig. 4). M and m for the refracted waves are first calculated and stored in vectors in order that they later can be used to calculate the amplitude and phase at any point in the wedge. As the P wave is to be followed through the wedge, the amplitude and propagation direction of the S wave (M, and m,) are also temporarily stored in a vector which will later be used to investigate waves due to S wave conversion. M Table 1. and m are then calculated and stored for the ray which propagates through the system as P (at the same time storing M , and m, in the subsidiary vector) until P either propagates out of the system or the amplitude is less than E. The waves generated by the S wave of this order and higher order waves they may generate are then examined (with attention again first focused on the P), then those generated by the next lowest order until finally the refracted S and its resulting waves are examined. The complex displacements due to the multiply reflected waves may then be determined (see equation 23), and hence the vertical and horizontal displacements computed by addition of these. Finally, the vertical-horizontal (or horizontal-vertical) displacement ratio is calculated.
In the computations which follow the values chosen for the parameters were Cbl/Cal = 0.5784, Ca2/C,l = 1.267, Cbz/Cal = 0.7319 and p2/p1 = 1.175 which correspond to the crust-upper mantle model employed by Haskell (1962) .
Displacement discontinuities
As discussed in the paper by Ishii & Ellis (1970) , the exiting wave which does not collide with a boundary gives rise to a diffracted wave which in the reflected wave solution appears as a displacement discontinuity. When the displacement discontinuity is small, only a small diffracted wave is required to provide continuity in displacement and stress and hence the reflected wave solution adequately describes the physical problem. Large discontinuities will require large diffracted waves; however, at large distances from the vertex the solution is still expected to be adequate as diffracted waves decrease rapidly with distance. For incident P waves the magnitude of the maximum discontinuity of both the radial component from the exiting P wave and the tangential component from the exiting S wave is shown in Fig. 5 for incident waves with propagation directions a = 60" and 120". Several points should be noted. The discontinuity in the case of down-dip propagation is much larger than for the up-dip propagation. This is expected since fewer reverberations occur before the wave propagates out of the wedge. The discontinuity from P waves is relatively large in comparison to that for S waves and rapid changes in the amplitude result as the maximum discontinuity is associated with different exiting waves for different dip angles. The particularly rapid decreases observed result when an SV wave generating an exiting reflected P wave reaches the critical angle. The maximum P wave discontinuity at the next calculated point (calculation interval = 0.25") is then due to another wave which may be of much lower amplitude.
For an incident SV wave (Fig. a) , the amplitude discontinuities are negligible for dip angles less than 21" for an incident wave with / 3 = 60" indicating that this solution very closely approximates the complete solution. Again the discontinuity is larger for the incident wave propagating in the down-dip direction. However in this case the large discontinuity for the outgoing P wave is for large dip angles rather than the smaller dip angles (6, < 20") as found for the incident P wave case.
As has been pointed out by Ishii & Ellis (1970) discontinuities are also generated in medium (2) by the vertex on reflection of the incoming wave and on refraction of waves back into medium (2). In the reflected wave theory these appear as displacement and stress discontinuities radiating from the vertex. The effect of these is not expected to be large on the surface except close to the vertex as the amplitude decreases rather rapidly with distance and the wave will be partially reflected at the lower boundary of the wedge. However in any study of diffracted waves, their relative importance should be investigated. 
Surface displacements and displacement ratios
(1) Incident P Horizontal and vertical displacements are plotted versus the parameters Q = 2J(3) nH/c,,, T (H is depth to the interface beneath the receiver) and illustrated in Fig. 7 . For an initial propagation direction of 60" the vertical component changes very slowly with increasing dip angle. The horizontal displacement changes rather more rapidly. This is particularly true for > 10" where from Fig. 5 , we see that the diffracted ray becomes more important. For a = 120", a more rapid change in character of both the vertical and horizontal surfaces is evident with increasing dip angle. This is particularly true in the horizontal where for 6, > 17" the surface is rather featureless. However, it should be noted that the discontinuity curves in this case indicate that the diffracted wave may be important over most of the range of dip angles. The displacement ratios V / H which are of interest in practical analysis are shown in Fig. 8 . For the initial propagation direction a = 60", the ratios are very similar for dip angles of less than 10". For dip angles greater than 10" where the diffracted wave is significant, the peaks move to larger values of Q and increase markedly in amplitude. For a = 120°, the ratios change much more rapidly even at small dip angles with the peaks moving to increasing Q again. However in this case the amplitude decreases until for Od 2 20" the V/H ratio is almost constant for variable Q. It should be recalled from Fig. 5 that the diffracted wave may play a relatively important role for even small dip angles.
(2) Incident SV From Fig. 9 , it is seen that the displacement surfaces exhibit significant character. For # I = 60", a particular feature is that for dip angles greater than 18", the period of the variation of horizontal displacement becomes short and the corresponding amplitude small. It should be noted that this change occurs before the diffracted waves become significant. For B = 120" the horizontal displacement oscillations become very small for dip angles greater than 10" while the vertical displacement oscillations more slowly decrease in amplitude with increasing dip angle and at the same time the period of the variation lengthens.
The above features are most evident in the displacement ratio curves H/V (Fig.   10 ). For even small dip angles marked differences from the horizontally layered curves are evident. At large dip angles, rapid oscillations due to the horizontal component are present for # I = 60" while for /? = 120", the ratio becomes featureless.
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I . curves for constant depth to interface become flat for incident P and SV waves propagating in the down-dip direction for dip angles greater than 15". This is very different from the case of up-dip direction. For the P wave propagating in the up-dip direction (a = 60"), the peaks are large for large dip angles and for dip angles greater than 10" the peaks shift to lower frequency and the peaks become narrower with increasing dip. A feature of particular note is that the H/V displacement ratio curves for incident SV are much more sensitive to small changes of dip at small dip angles than are the V / H displacement ratio curves for incident P waves. It appears therefore that a study of SV waves would be more likely to yield information concerning dipping interfaces than would P waves. For waves propagating in the down-dip direction, it is found that the displacement discontinuity may be large even for small dip angles indicating that the diffracted wave is of significant amplitude. However, since for points distant from the vertex the reflected waves will arrive earlier than the diffracted waves for a transient input to the wedge, the reflected wave solution should apply to the composition of the initial section of the seismogram.
The method developed in this paper can be extended to include a number of dipping layers. However, even in the case of two dipping boundaries the computational scheme becomes significantly more complex as waves are refracted from one wedge into the other on each collision with the separating boundary. refracted waves. We have f P 2 ca22 Cin2 ca2 lsin (ai-ed)l = f P 2 ca22 cr? ca2 Isin (arl-ed)l The following computationally more useful form is obtained using (27)
The corresponding equation for S waves is For P and SV waves incident on the boundary from medium (l), the relations are respectively Table 1 Notation used in Fig. 4 STP (K, 2)-complex storage matrix for P amplitudes and propagation directions STS (K, 2)--complex storage matrix for S amplitudes and propagation directions RECS (L, 2)-complex matrix to temporarily retain S amplitudes and propagation directions of S rays which may generate further significant amplitudes M -amplitude m -complex propagation direction N-l-number of reflections a wave has undergone Subscripts p and s indicate P and S wave types
